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Abstract We indicate a broad class of closed ideals F in a Banach lattice E such
that there exists a closed continuous (and also a closed heterogeneous) Riesz subspace
G ⊂ E satisfying the following two conditions: G ∩ F = {0} and the algebraic sum
G + F is not closed.
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1 Introduction
It is well known that in every Banach space X the algebraic sum A + B of a closed set
A and a compact set B is closed. The assumption of compactness is essential because
X = {0} always contains closed subsets whose the algebraic sum is not closed (such
sets can be chosen in an arbitrary one dimensional subspace). Similar situation holds
for closed linear subspaces.
() If Y ⊂ X is a closed linear subspace of infinite dimension and infinite codimen-
sion, then there exists a closed linear subspace G ⊂ X such that Y ∩ G = {0} and
Y + G = Y + G. The fact mentioned above was proved in [11] (Theorem III-14). On
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the other hand Y + G is always closed whenever Y is closed and G is of finite dimen-
sion or G is closed and finite codimensional. The question about closedness of Y + G
was investigated not only in the class of Banach spaces but also in more general case
of Hausdorff topological vector spaces (see [4] and especially [5] where a discussion
of this question and related topics are completed by many historical comments and
remarks).
Our paper is also devoted to the problem of closedness of the sum Y + G but we
restrict considerations to Banach lattices. Our terminology and notations concerning
this type of spaces (and Riesz spaces) are standard and we follow by [1,2,10,12]. It
is natural to ask about closedness of F + G for Riesz subspaces or ideals F, G. We
should remember that the algebraic sum of two Riesz subspaces sometimes is not a
Riesz subspace even if components are one dimensional. Indeed, let E be a Riesz
subspace in R containing two nonnegative functions f, g such that f (γ1) > g(γ1),
f (γ2) < g(γ2), f (γ3) = g(γ3) = 0 for some γi ∈ , i = 1, 2, 3. Clearly R f ,
Rg are Riesz subspaces in E while R f + Rg is not a Riesz subspace because linear
independence of f, g, f ∧ g = inf{ f, g} implies f ∧ g /∈ R f + Rg. On the other
hand F + G is a Riesz subspace whenever F and G are orthogonal Riesz subspaces
(i.e., | f | ∧ |g| = 0 for all f ∈ F and all g ∈ G) or at least one Riesz subspace F, G
is an ideal. It is important and interesting that if F1, F2 are closed orthogonal Riesz
subspaces or they are closed ideals in a Banach lattice then F1 + F2 is closed (see [3]
Theorem 5.3, [8] Theorem 1.1 or [9], [12] Proposition 1.2.2, [6] Corollary 2.3). The
above statement remains true in the class of F-lattices (i.e., complete metrizable locally
solid Riesz spaces) where also holds the following generalization ([6] Corollary 3.4).
Let E be an F-lattice, and let (Iγ )γ∈ be a family of closed ideals in E . Define
I = ∑γ∈ Iγ to be the set of all elements z ∈ E that are of the form z =
∑∞
n=1 xn ,
where xn ∈ Iγn for every n, and (γn) is a sequence in . Then I is the smallest closed
closed ideal in E that contains all the ideals Iγ .
It is worth to recall that the assumption of a (topological) completeness is crucial
(indeed, the authors of [16] constructed a normed lattice E and a closed ideal I ⊂ E
whose algebraic sum with its orthogonal completion I d is not closed). It occurs that a
situation described in () is similar for closed ideals and Riesz subspaces in Banach
lattices. Namely the following result was proved in [17, Theorem 2.2].
Let I be a closed infinite dimensional and infinite codimensional ideal in a Banach
lattice E = (E, ‖ · ‖). Then there exists a closed separable discrete and σ -Dedekind
complete Riesz subspace G such that I ∩ G = {0} and I + G is not closed.
An aim of our paper is to complete the above theorem. We will show that for
many closed ideals F there exist closed continuous (and closed heterogeneous) Riesz
subspaces whose sums with F are not closed.
2 Auxiliary results
Let us recall that a series
∑∞
n=1 xn order converges to x , i.e., x = (o)
∑∞
n=1 xn , when-
ever there exists a sequence (yn) ⊂ E decreasing to zero such that |x −∑nk=1 xk |  yn
for every n. If elements xn , n ∈ N, are positive and disjoint, then order conver-
gence of the series
∑∞
n=1 xn is equivalent to existence of supn xn and there holds
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(o)
∑∞
n=1 xn = supn xn . Consequently considering a σ -Dedekind complete Riesz
space E and an order bounded sequence (xn) ⊂ E+ of disjoint elements we obtain
(o)
∑∞
n=1 tn xn = supn(tn xn)+ − supn(tn xn)− for every bounded sequence (tn) ⊂ R.
We will say that a sequence (xn) ⊂ E is uniformly convergent to x , i.e., xn u−→ x , if
∃u∈E+∀ε>0 ∃N ∀n>N |xn − x |  εu.
It is well known that every sequence (xn) norm convergent in a Banach lattice contains
a subsequence uniformly convergent to limn→∞ xn .
Discrete elements will be important in our further considerations. A nonzero posi-
tive element e in an Archimedean Riesz space is discrete if |x |  e implies x = te for
some t ∈ R. It is clear that two discrete elements are disjoint (=orthogonal) or they
are linearly dependent. Discreteness of e means exactly that the interval [0, e] does
not contain two nonzero disjoint elements (see [10] Theorem 26.4). Every standard
basis vector is discrete in every Riesz subspace of RN containing it. Moreover E is
said to be discrete if every x ∈ E+{0} dominates a discrete element. The above def-
inition has the following equivalent form: E has a complete disjoint system (eγ )γ∈
consisting of discrete elements, i.e., |x | ∧ eγ = 0 for every γ implies x = 0. Since
every discrete element is a projection element then every positive x in a discrete Riesz
space E has the following expression x = supγ x(γ )eγ where the numbers x(γ ) are
uniquely determined (see [1] p. 40).
On the other hand a Riesz space E is called continuous if E does not contain
discrete elements. Therefore every nonzero positive element in a continuous Riesz
space dominates a sequence whose terms are nonzero positive and pairwise disjoint
(in particular nonzero ideals in E are infinite dimensional). We have also the third
type of a space—a Riesz space is said to be heterogeneous if it is neither discrete nor
continuous. There exist many natural representatives of each class mentioned above.
Sequence spaces p, c0 are examples of discrete spaces, function spaces L p[0, 1],
C[0, 1] belong to the class of continuous Riesz spaces while products p × C[0, 1],
c0 × L p[0, 1] are heterogeneous. Let us note that every two maximal (with respect to
the inclusion as a partial order) families of discrete disjoint elements in an Archimedean
Riesz space E have the same cardinality (more precisely, if (eγ )γ∈1 , (eγ )γ∈2 are
maximal families of disjoint discrete elements, then for every γ1 ∈ 1 there exists,
uniquely determined, γ2 ∈ 2 and tγ1 > 0 such that eγ2 = tγ1 eγ1 ). A heterogeneous
Riesz space E contains the discrete part ED and the continuous part EC . These parts
are defined as follows: ED = {eγ : γ ∈ }dd where (eγ )γ∈ is a maximal family
of discrete elements and EC = EDd. Let us note that EC is infinite dimensional.
Clearly ED is discrete and EC is continuous. Moreover, if F is a closed heterogeneous
Riesz subspace in a Banach lattice E , then FC , FD are closed in E because they
being bands in F are closed in F . Every Dedekind complete heterogeneous Riesz
space is the sum of ED and EC but in general the equality E = ED + EC does
not hold. Indeed, consider the compact space K = [−1, 0] ∪ { 1
n
: n ∈ N} and the
Banach lattice C(K ). Clearly C(K )D = { f ∈ C(K ) : f ([−1, 0]) = {0}}, and
C(K )C = { f ∈ C(K ) : f ( 1n ) = 0 for every n} but f /∈ C(K )D + C(K )C for a
nonzero constant function f .
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Infinite dimensional Banach lattices always contain infinite dimensional closed
discrete Riesz subspaces—it is enough to choose a sequence (xn) of nonzero positive
disjoint elements and put F = span{xn : n ∈ N}. What about continuous Riesz
subspaces? A partial answer is included in a lemma below.
Lemma 2.1 Every infinite dimensional Banach lattice E contains a continuous Riesz
subspace E1 and a heterogeneous Riesz subspace E2 such that both E1 and E2 are
discrete and E1 is order isomorphic to C[0, 1]. Moreover an infinite dimensional σ -
Dedekind complete Banach lattice whose norm is not order continuous contains a
closed order copy of C[0, 1].
Proof Choose a sequence (xn) ⊂ E+ consisting of pairwise disjoint non zero elements
satisfying
∑∞
n=1 ‖xn‖ < ∞. Let (qn) be a sequence of all rational numbers in [0, 1].
An operator defined by T f = ∑∞n=1 f (qn)xn is an order isomorphic embedding of
C[0, 1] into E .
Fix ε > 0 and k ∈ N. There exist N > k and f ∈ C[0, 1]+ such that∑∞
n=N+1 ‖xn‖ < ε, f (qk) = ‖ f ‖∞ = 1, f ({qm : m ∈ {1, . . . , N }{k}}) = {0}. We
obtain ‖xk − T f ‖ < ε, i.e, xk ∈ T (C[0, 1]), and so T (C[0, 1]) = span{xn : n ∈ N}.
It is sufficient to put E1 = T (C[0, 1]) and E2 = span{x2n−1 : n ∈ N} +
{∑∞k=1 f (qk)x2k : f ∈ C[0, 1]}.
If E is σ -Dedekind complete and without order continuous norm, then we can find
disjoint elements (xn) dominated by some x ∈ E+ and separated from zero. Consider
an operator T : C[0, 1] → E given by T f = (o)∑∞n=1 f (qn)xn (the sum exists
by the σ -Dedekind completeness). The operator T is an order isomorphism which is
additionally a homeomorphism because infn ‖xn‖‖ f ‖∞  ‖T f ‖  ‖x‖‖ f ‖∞.
We have to explain that last statement of Lemma 2.1 is well known (see [15]
Theorem 1.5).
As we see sometimes the closure of a continuous Riesz subspace is discrete. Simi-
larly the closure does not preserve discreteness—this statement is an immediate con-
sequence of the following result (see [15] Theorem 6.4 or [14] Theorem 4).
Theorem 2.2 For a discrete σ -Dedekind complete Banach lattice E the following are
equivalent.
(a) Every closed Riesz subspace of E is discrete.
(b) The closure of every discrete Riesz subspace of E is discrete.
(c) The norm on E is order continuous.
Therefore it may happen that the closure of a discrete Riesz subspace is hetero-
geneous (the closure can not be continuous because discrete elements in F are also
discrete in F).
If E = (E, ‖ · ‖) is a Banach lattice then we can associate with E the ideal of
elements possessing order continuous norm
E A = {x ∈ E : |x |  xα ↓ 0 ⇒ ‖xα‖ → 0}.
The ideal E A is always closed, all discrete elements in E belong to E A, and E A contains
all ideals I ⊂ E with the property that the norm ‖·‖ restricted to I is order continuous.
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The equality E A = {0} is possible—consider a space C(K ) where no point of K is
isolated. On the other hand E A can be order dense. Indeed E A = span{eγ : γ ∈ }
whenever (eγ )γ∈ is a complete disjoint system consisting of discrete elements in E .
Our succeeding lemma shows that closed continuous Riesz subspaces in a discrete
Banach lattice are almost disjoint with E A.
Lemma 2.3 Let E be a discrete Banach lattice. If F ⊂ E is a closed continuous
(heterogeneous) Riesz subspace, then F ∩ E A = {0} (FC ∩ E A = {0}).
Proof It is sufficient to consider the case when F is continuous because FC is a closed
continuous Riesz subspace for a closed heterogeneous subspace F .
Assume 0 = y ∈ F+ ∩ E A. Since F ∩ E A is a closed Riesz subspace in E A then
according to Theorem 2.2 there exists a discrete (in F ∩ E A) element e ∈ [0, y]. Let us
note that F ∩ E A is an ideal in F , and so e is a discrete element in F , a contradiction.
Theorem 2.2 implies that discrete Banach lattices with order continuous norm do
not contain any closed continuous Riesz subspaces. Such possibility occurs also in
some Banach lattices whose norm is not order continuous.
Corollary 2.4 If E is a discrete Banach lattice such that dim E/E A < ∞, then every
closed Riesz subspace in E is discrete.
Proof Let F ⊂ E be a closed infinite dimensional Riesz subspace and let Q : E →
E/E A be the canonical quotient map. If F were continuous or heterogeneous, then by
Lemma 2.3 Q(F) or Q(FC ) would be infinite dimensional subspaces in E/E A which
is impossible.
What are examples of Banach lattices satisfying the assumption of the above corol-
lary? The simplest one is
c() = { f :  → R : ∃c∈R ∀ε>0 {γ : | f (γ ) − c|  ε} is finite}
where c() is considered with the norm ‖ f ‖ = supγ | f (γ )|. The following result is
an immediate consequence of Corollary 2.4.
Corollary 2.5 For an arbitrary set  every closed Riesz subspace in the Banach lattice
c() is discrete.
The proofs of our main results use a procedure which allows to join some Riesz
subspaces. The procedure is described in next lemma where we will use the notation
X ⊥ Y that means the orthogonality (= disjointness) of sets X, Y , i.e., |x | ∧ |y| = 0
for every x ∈ X and y ∈ Y .
Lemma 2.6 Let E be a Banach lattice and suppose that Fk ⊂ E, k ∈ N, are closed
Riesz subspaces satisfying the condition Fm ⊥ Fj for distinct m, j . Then the order sum
of Fk’s, i.e., the space F = (o)(⊕Fk) = {x ∈ E : x = (o)∑∞k=1 x(k) where x(k) ∈
Fk} is a closed Riesz subspace.
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Proof It is easy to check that F is a Riesz subspace. Suppose F+  xn =
(o)
∑∞
k=1 xn(k) −−−→n→∞ x . Clearly x ∈ E+ and xn(k) = |xn(k)|. The inequal-
ity |xn(k) − xm(k)|  |xn − xm | shows that (xn(k))∞n=1 is a Cauchy sequence for
every k. If x(k) = limn→∞ xn(k), then x(k) ∈ Fk . Let Pj the band projection
mapping the Dedekind completion Eδ of E onto the band in Eδ generated by Fj .
Since E is norm complete then for every j we can find a subsequence (nm) such
that xnm
u−→ x and xnm ( j) u−→ x( j). Therefore xnm ( j) = Pj xnm u−→ Pj x , and so
x( j) = Pj x  x . Suppose that y ∈ E is such that x( j)  y for all j ∈ N. There holds
xn( j)  xn( j) − x( j) + y = Pj (xn − x) + y  Pj (|xn − x |) + y  |xn − x | + y.
Hence xn = (o)∑∞j=1 xn( j) = sup j xn( j)  |xn − x | + y and finally x  y. We
have just proved x = sup j x( j) = (o)
∑∞
j=1 x( j) ∈ F .
Consider a sequence (xn) ⊂ F converging to x . Since F  x+n → x+ and F 
x−n → x−n , then x+, x− ∈ F . Therefore x = x+ − x− ∈ F , i.e., F = F .
We will also need a condition implying that the algebraic sum H + F of closed
subspaces H, F is not closed. Such condition was formulated, not in an explicit form,
in [13] (Section 6). Since it is used twice in proofs of our main results, and for the
sake of completeness, we recall the condition.
Lemma 2.7 Let H, F be closed linear subspaces in a Banach space X. If H ∩F = {0}
and there exist sequences (xn) ⊂ X, (yn) ⊂ F such that ‖xn‖ → 0, infn ‖yn‖ > 0
and xn + yn ∈ H, then H + F is not closed.
Proof The closedness of H and F implies that the natural projection P : H + F → F
has the closed graph. Therefore if H + F were closed, then P would be continuous by
the closed graph theorem, but ‖(xn + yn) − yn‖ → 0 while ‖P((xn + yn) − yn)‖ =
‖Pyn‖  0, a contradiction.
Moreover we will apply the following result showed in [17] (p. 437, the proof of
Lemma 2.1).
Lemma 2.8 Let I be a closed ideal in a Banach lattice E. If Q : E → E/I is
the canonical quotient map and a sequence (Q(yn))∞n=1 consists of nonzero positive
disjoint elements, then there exist disjoint elements xn ∈ E+I , n = 1, 2, . . . , such
that Q(xn) = Q(yn) for each n.
3 Main results
Theorems presented in this section concern two types of (closed) ideals F—either the
quotient norm in E/F is not order continuous or F is contained in a Banach lattice
with order continuous norm. Theorem 2.2 shows a class of Banach lattices where
closed continuous and closed heterogeneous Riesz subspaces do not exist. Therefore
if we want to prove that for a closed ideal F ⊂ E there is a closed (heterogeneous)
Riesz subspace G in E with F + G = F + G we have to assume something about E
or F .
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Theorem 3.1 Let E be a σ -Dedekind complete Banach lattice and let F ⊂ E be a
closed infinite dimensional ideal such that the quotient norm on E/F is not order
continuous. There exists a closed continuous Riesz subspace G1 ⊂ E and a closed
heterogeneous Riesz subspace G2 ⊂ E such that F ∩ Gi = {0} and F + Gi is not
closed for i = 1, 2.
Remark 3.2 If E is a σ -Dedekind complete Banach lattice and E = E A, then the
quotient norm on E/E A is not order continuous (see [16] Theorem 3.3), and so The-
orem 3.1 can be applied for F = E A whenever dim E A = ∞.
Proof The quotient E/F contains a separated from zero sequence (Q(yn)) of pairwise
disjoint elements included in some interval [0, Q(y)] where Q : E → E/F is the
canonical quotient map (see [2] Theorem 4.14 or [12] Theorem 2.4.2). Applying
Lemma 2.8 we find pairwise disjoint x ′n ∈ E+F such that Q(x ′n) = Q(yn). Therefore
the elements xn = x ′n ∧ |y| are pairwise disjoint, order bounded and separated from
zero because 0 < infn ‖Q(yn)‖ = infn ‖Q(xn)‖  infn ‖xn‖. Moreover xn /∈ F . Let
– N1 = {n : xn ∈ Fdd},
– N2 = {n : xn ∈ Fd},
– N3 = {n : xn /∈ Fdd ∪ Fd}.
The family {Ni : i = 1, 2, 3} forms a partition of N. Hence at least one set N j is
infinite. Since F + Fd is order dense in E (see [1] Theorem 1.25), then for the ideal
J (xn) in E generated by {xn} we obtain J (xn) ∩ F+ = {0} for n ∈ N1 ∪ N3. Fix
j ∈ {1, 2, 3} such that N j is infinite and choose norm one elements hn with n ∈ N j
satisfying:
– hn ∈ J (xn) ∩ F+ if j = 1 or j = 3,
– hn ∈ F+ and hk ∧ hm for distinct k, m ∈ N j if j = 2,
Let infinite sets Ni = {ni1, ni2, . . . }, i = 1, 2, . . . , form a partition of N j . Putting
Fi = {xni1 + hni1 , xni2 , xni3 , . . . } we obtain Fi ⊥ Fk for i = k and a ∧ b = 0 for
arbitrary a, b ∈ Fi .
Consider an operator T : C[0, 1] → E defined by
Ti f = f (q1)
(
1
i
xni1
+ hni1
)
+ (o)
∞∑
k=2
1
i
f (qk)xnik
where (qn) is a sequence of all rational numbers in [0, 1]. The operator Ti is well
defined by the σ -Dedekind completeness of E and it is an order isomorphism being
at the same time a homeomorphism because
1
i
inf
n
‖xn‖‖ f ‖∞  ‖Ti f ‖  ‖ f ‖∞‖x (i)‖,
where x (i) = sup Fi . Hence Gi = Ti (C[0, 1]) are closed continuous Riesz subspaces
in E and Gi ⊥ G j . The space G = (o)(⊕Gn) is also a continuous closed Riesz
subspace and F ∩ G = {0}. Indeed, if 0 < x ∈ G, then x  Ti f  0 for some i
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and f  0. Since (qn)nM is dense in [0, 1] for every M ∈ N, then f (qk) > 0 for
infinitely many k’s. Hence x  1i f (qk)xnik = 0 for many k  2, and so x /∈ F because
F is an ideal. Put zi = supk xnik and x = supn xn . We obtain ‖
1
i zi‖  1i ‖x‖ → 0 and
1
i zi + hni1 = Ti (1) ∈ G. Hence sequences (
1
i zi ) and (hni1) have properties assumed
in Lemma 2.7, i.e., G + F is not closed.
Define G1′ = span{xn12 , xn13 , . . . }. Clearly G1
′ is a closed discrete Riesz subspace
and G1′ ∩ F = {0}. Indeed, every x ∈ G1′{0} is of the form x = ∑∞i=2 ti xn1i and at
least one ti is nonzero. For ti = 0 we obtain |x |  |ti |xn1i /∈ F , and so x /∈ F because
F is an ideal. Let G ′ = (o)(⊕Gn ′) where Gn ′ = Gn for n > 1. The space G ′ is a
closed heterogeneous Riesz subspace possessing the required properties: G ′∩F = {0}
and G ′ + F = G ′ + F . unionsq
The proof of the previous result started with an observation that there exists a
sequence separated from zero which terms are pairwise disjoint order bounded and
lying outside F . Such sequence allowed us to construct an order and topological copies
of the continuous Banach lattice C[0, 1]. The same idea can not be repeated when E has
order continuous norm because the order continuity of a norm means exactly that order
bounded sequences of disjoint elements are norm null (see [15] Theorem 1.1 or [2]
Theorem 4.14 or [12] Theorem 2.4.2). Moreover Banach lattices with order continuous
norms do not contain any closed Riesz subspace order isomorphic to C[0, 1] (see
[15] Theorem 1.5 or [2] Theorem 4.56 and Example 4.55 or [12] Corollary 5.16
and remarks preceding it). Therefore, if we want to prove a theorem analogous to
Theorem 3.1 covering the case of Banach lattices with order continuous norm, we
need another method. It is well known that a closed ideal in a Banach lattice E with
order continuous norm is a band. Moreover if E is continuous, then every non trivial
band F (i.e., {0} = F = E) is infinite dimensional and its codimension is infinite too
(because finite dimensional ideals are discrete).
Theorem 3.3 Let E be a continuous Banach lattice with order continuous norm. If
F ⊂ E is a non trivial band, then there exists a continuous closed Riesz subspace
H1 ⊂ E and a closed heterogeneous Riesz subspace H2 ⊂ E such that F ∩ Hi = {0}
and F + Hi is not closed for i = 1, 2.
Proof Suppose first that E has a weak order unit. According to a Representation
Theorem (see [15] Theorem 1.10 or [7] Theorem 1.b.14) there exists a finite atomless
measure space (S, 	,μ) such that E can be identified (by an order isomorphism)
with an ideal I such that L∞(μ) ⊂ I ⊂ L1(μ). Since simple functions are order
dense in L1(μ) we can choose disjoint sets A, C ∈ 	 with a positive measure which
characteristic functions 1A, 1C belong to Fd (= the orthogonal complement of F in
E) and F respectively. By the non-atomicity of μ we find sets Akn, Ckn ∈ 	, n ∈ N,
k ∈ {1, 2, . . . , 2n} having the following properties:
(a) A = A11 ∪ A21, C = C11 ∪ C21 ,
(b) Akn ∩ A jn = ∅ = Ckn ∩ C jn for every n and distinct k, j ∈ {1, 2, . . . , 2n},
(c) Akn = A2k−1n+1 ∪ A2kn+1, Ckn = C2k−1n+1 ∪ C2kn+1,
(d) μ(Akn) = 2−nμ(A), μ(Ckn ) = 2−nμ(C).
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Choose s, t > 0 and put
(+) G = span({t1Akn + s1Ckn : n ∈ N, k ∈ {1, 2, . . . , 2n}} ∪ {t1A + s1C }),
where 1B is the characteristic function of the set B.
The space G is a continuous Riesz space because every g ∈ G is of the form
(∗) g = ∑2nk=1 tk(t1Akn + s1Ckn ) for some n.
We claim G ∩ F = {0} and G is continuous. The L1-norm ‖ · ‖1 restricted to E is
weaker than the original norm of E (see [2] Theorem 4.3), and so G ⊂ G1 ∩ E where
G1 denotes the closure in the L1-norm topology. Suppose 0 = h ∈ G1∩F . There exists
g ∈ G satisfying ‖h − g‖1 < ε where 0 < ε < ‖h‖1 tμ(A)tμ(A)+sμ(C) . Let P : E → F
be the band projection. We obtain max(‖h − Pg‖1, ‖(Id − P)g‖1)  ‖h − g‖1 < ε
because |h − Pg| ∧ |(Id − P)g| = 0. Since g is of the form (∗) we can express the
above inequalities in the following way
ε > ‖(Id − P)g‖1 = t
2n∑
j=1
|t j |2−nμ(A) and ε > ‖h − Pg‖1
 ‖h‖1 − s
2n∑
j=1
|t j |2−nμ(C).
Elementary calculations show that
2nε
tμ(A)
>
2n∑
j=1
|t j |  (‖h‖1 − ε) 2
n
sμ(C)
,
i.e., ε  ‖h‖1 tμ(A)tμ(A)+sμ(C) , a contradiction. Hence G ∩ F ⊂ G
1 ∩ F = {0}.
Every set B ∈ 	 determines a positive (and so continuous) operator TB : E → E
defined by TB f = f 1B (TB is well defined because E is an ideal in L1(μ)).
Since for every function g ∈ G there holds TA∪C g = g and (TA jn + TC jn )g ∈ G,
then h = h1A∪C (μ-almost everywhere) and (TA jn + TC jn )h ∈ G whenever h ∈ G.
Fix a positive non zero function h ∈ G. There exists n ∈ N such that the cardinality
of the set H = { j ∈ {1, . . . , 2n} : μ(supp h ∩ (A jn ∪ C jn )) = 0} is at least two.
Indeed, in the contrary case for every m we can find at most one jm ∈ {1, . . . , 2m}
with μ(supp h ∩ (A jmm ∪ C jmm )) > 0 which is impossible because
0 < μ(supp h) =
2m∑
k=1
μ(supp h ∩ (Akm ∪ Ckm)) = μ(supp h ∩ (A jmm ∪ C jmm ))
 1
2m
(μ(A) + μ(C)),
i.e., μ(supp h) = 0, and so h = 0. We have just shown G is continuous: functions
h1A jn∪C jn , for j ∈ H, are disjoint non zero functions in G majorized by h.
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Remembering that simple functions are order dense in L1(μ), E is an ideal in L1(μ),
dim Fd = ∞, dim F = ∞, we are able to find disjoint sets An and disjoint sets Cn ,
n ∈ N, and positive numbers tn, sn with the following properties 1An ∈ Fd{0},
1Cn ∈ F , ‖tn1An‖ → 0, ‖sn1Cn‖ = 1. It is clear that μ(Am ∩ C j ) = 0 for all m, j .
Let Gn be a Riesz subspace determined by sets An, Cn and numbers tn, sn in the
same way as the Riesz subspace G considered above (see (+)). Put H = (o)(⊕Gn).
The Riesz subspace H is continuous, closed, and H ∩ F = {0}. It is obvious that
tn1An + sn1Cn ∈ H . Hence sequences (tn1An ), (sn1Cn ) have properties assumed in
Lemma 2.7, i.e., H + F is not closed.
Modifying the Riesz subspace G1 we can easy construct a heterogeneous closed
Riesz subspace satisfying the required conditions. Since μ is atomless we are able to
find disjoint sets Bk ⊂ A1, k ∈ N, with positive measure. Let G1′ = span{1Bk : k ∈ N}
and Gn ′ = Gn for n > 1. The Riesz subspace H ′ = (o)(⊕Gn ′) is closed and
heterogeneous. Moreover H ′ ∩ F = {0} and H ′ + F = H ′ + F .
Suppose now that E has no weak units. Choose 0 < x ∈ F and 0 < y ∈ Fd.
Denote by P the band projection onto {x + y}dd. The inclusion {x}dd ⊂ P F and
the equality {y}dd ∩ P F = {0} show the band P F is a non trivial band in P E
where x + y is a weak unit. By the first part of our proof there exists a continuous
(heterogeneous) closed Riesz subspace H ⊂ P E such that H ∩ P F = {0} and
H + P F = H + P F . Let us note that if x ∈ H ∩ F , then x ∈ H ⊂ P E , and so
x = Px ∈ P H ∩ P F = H ∩ P F = {0}.
Choose a sequence (hn + P fn) ⊂ H + P F convergent to x /∈ H + P F . If H + F
were closed, then it would be x = h + f ∈ H + F but hn + P fn = P(hn + P fn) →
Px = h + P f , i.e., x = h + P f ∈ H + P F , a contradiction.
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